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a b s t r a c t 

We study the front propagation of a population that incorporates individuals of a second, pre-existing 

population. Previous models of such incorporation deal only with vertical cultural transmission (inter- 

breeding) and horizontal cultural transmission (acculturation of individuals of the second population by 

members of the first one and of similar age). Here we present the first model of oblique transmission 

(acculturation by individuals of an older generation), which is more complicated because a model with 

age structure is necessary. We compare the new, age-structured model for oblique, horizontal and verti- 

cal transmission. The most powerful mechanism (fastest fronts) is oblique transmission. Two illustrative 

applications of Neolithic front propagation are presented. In one of them, the front was so fast that nei- 

ther horizontal nor vertical transmission can explain it (but oblique transmission can). In the cases for 

which cultural transmission is a viable explanation, the observed front speed yields bounds on the inten- 

sity of cultural transmission. Our models are also of interest in many other Neolithic and non-Neolithic 

human range expansions, including major human migrations. Additionally, in future work the new age- 

structured models reported in this paper could be applied to model genetic gradients and, possibly, to 

similar phenomena in other species in which cultural transmission is well-known to occur. 

© 2021 The Author(s). Published by Elsevier Ltd. 

This is an open access article under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ) 
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. Introduction 

The propagation of reaction-diffusion fronts has been widely 

tudied, both theoretically [ 1–3 ] and in many physical and inter- 

isciplinary applications [ 3 , 4 ] such as cancer tumors [ 5 , 6 ], virus

nfections [ 7 , 8 ], the spread of genetic mutations [ 9 , 10 ] and human

ange expansions [ 11 , 12 ]. In the later application, some works have

onsidered a single population [ 13–15 ] and others have dealt with 

everal interacting human populations [ 16–18 ]. 

The first front propagation models of human range expansions 

 9 , 13 , 19 ] can be derived from the following equation for the pop-

lation density (number of individuals per unit area) p( x, y, t ) at 

osition ( x, y ) and time t [20] , 

p ( x, y, t + T ) − p ( x, y, t ) = R T [ p ( x, y, t ) ] − p ( x, y, t ) 

+ 

∞ 

∫ 
−∞ 

∞ 

∫ 
−∞ 

φ( �x , �y ) p ( x + �x , y + �y , t ) d �x d �y − p ( x, y, t ) , 

(1) 

here the first two terms on the right-hand side give the change 

n population density during the time interval T due to net repro- 

uction (births and deaths). The two last terms describe dispersal, 
E-mail address: joaquim.fort@udg.edu t
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.e., individuals arriving to and leaving from a unit area centered 

t ( x, y ) , respectively [20] . The time interval T is the generation

ime, defined as the mean age difference between a parent and 

er/his children 

1 . The dispersal kernel φ( �x , �y ) is the probability 

er unit area than an individual who is at position ( x + �x , y + �y ) 

t time t moves to ( x, y ) at time t + T , and its normalization con-

ition is 
∞ 

∫ 
−∞ 

∞ 

∫ 
−∞ 

φ( �x , �y ) d �x d �y = 1 . 

A well-known approximation, due to Fisher [9] and Kolmogorov 

t al. [21] , can be derived by performing a first-order Taylor ex- 

ansion in time and a second-order Taylor expansion in space in 

q. (1) , assuming an isotropic kernel, and requiring the result- 

ng equation without dispersal to agree with the so-called logis- 

ic equation, i.e., ∂ p 
∂t 

= ap( 1 − p 
p max 

) , where a is called the initial 

rowth rate and p max the carrying capacity. Logistic dynamics is 

ell-known to describe adequately net reproduction for many bio- 

ogical systems [22] . This procedure yields the Fisher-KPP equation, 

amely [ 9 , 21 , 20 ] 

∂ p 

∂t 
= ap 

(
1 − p 

p max 

)
+ D 

(
∂ 2 p 

∂ x 2 
+ 

∂ 2 p 

∂ y 2 

)
, (2) 
1 The generation time has been estimated as T = 32 yr for pre-industrial popula- 

ions using ethnographic data [28] . 
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here we have replaced p( x, y, t ) by p for notational simplicity and 

 = 

∞ 

∫ 
−∞ 

∞ 

∫ 
−∞ 

φ( �x , �y ) �2 d �x d �y is the diffusion coefficient, with 

2 = �2 
x + �2 

y . However, it has been shown that the diffusion ap- 

roximation is not valid for human displacements [23] and it leads 

o substantial errors when computing Neolithic spread rates [24] , 

o equations involving a diffusion coefficient (such as Eq. (2) ) are 

ot appropriate and a kernel φ( �x , �y ) should be used instead (as 

n Eq. (1) ) for humans. 

The solution of the logistic equation introduced above Eq. (2) is 

25] 

 T [ p ( x, y, t ) ] = 

p ( x, y, t ) p max e aT 

p max + p ( x, y, t ) 
(
e aT − 1 

) . (3) 

This function agrees with many data [22] and can thus be used 

n Eq. (1) . 

Eq. (1) is more general and complicated to handle than the 

isher-KPP Eq. (2) . However, even Eq. (1) has a serious limita- 

ion. In a situation in which all individuals are at time t in a sin-

le location ( x, y ) , and all of them disperse, at this location and

ime the third term on the right-hand side of Eq. (1) vanishes and 

q. (1) predicts that parents will move away (last term) and leave 

heir children (first two terms on the right) at the original location. 

t has been shown that for this reason, Eq. (3) must be replaced by

he so-called cohabitation equation, namely [ 26 , 4 , 27 ] 

p ( x, y, t + T ) = R T 

[∫ ∞ 

−∞ 

∫ ∞ 

−∞ 

φ( �x , �y ) p ( x + �x , y + �y , t ) d �x d �y 

]
, 

(4) 

o that each individual first disperses with probability kernel 

( �x , �y ) and then reproduces according to Eq. (3) (leading to 

ew individuals the next generation 

2 ). Alternatively we could con- 

ider that individuals first reproduce and then disperse, or even 

hat they reproduce during dispersal, but the front speed would 

e the same for all three cases (see Fig. 17 and Eqs. (172)-(176) 

n Ref. [4] ). Models with several possible values of T are sub- 

tantially more complicated but yield essentially the same results 

28] . 

All equations above belong to the so-called demic case, i.e., 

hat in which a front (also called wave of advance) of a popula- 

ion spreads due only to dispersal and reproduction, but not via 

ultural transmission (i.e., by incorporation of individuals from an- 

ther population). Several authors have called to develop a "second 

eneration of wave-of-advance models" that include cultural trans- 

ission in addition to demic diffusion [ 29 , 30 ]. Some general ideas

n such models were already advanced by Ammerman and Cavalli- 

forza (pp. 116–199 in Ref. [19] ). These ideas have led to interest- 

ng simulations [ 19 , 31–33 ] but they have been formalized to derive

quations for the front speed (also called spread rate) of popula- 

ion waves of advance only in a few papers [ 27 , 34 ]. The present

ork aims to develop demic-cultural front propagation models by 

arefully taking into account the different possible mechanisms of 

ultural transmission. 

If cultural transmission is present, one population increases due 

o its interaction with a second population. Our approach is valid 

or any cultural trait (for example, political, religious, leisure or 

ther traits [35] ). However, for clarity we will discuss our model 
2 A time interval T = 32 later on average, as mentioned in footnote 1 . 

[{

2 
or the specific application that we want to consider in this work, 

amely the propagation of Neolithic fronts. Genetic analyses of an- 

ient individuals [36] have shown that farmers (i.e., Neolithic in- 

ividuals with number density p( x, y, t ) ) dispersed from a local- 

zed region (e.g., the Near East) over wide landscapes (e.g., Europe) 

hat were already populated by hunter-gatherers (i.e., Mesolithic 

ndividuals with number density q ( x, y, t ) ). In this application, cul- 

ural transmission is defined as the incorporation of some of these 

unter-gatherers (HGs) into the expanding populations of farmers. 

herefore, the population of farmers increases and that of HGs de- 

reases. In order to model this scenario mathematically, it is neces- 

ary to take into account that cultural transmission can be of three 

ifferent kinds [37] , which we describe in turn. In the rest of this 

ection we consider homogeneous systems (so that there is no dis- 

ersal) without net reproduction for simplicity. Non-homogeneous 

ystems (i.e., population dispersal) with reproduction will be ana- 

yzed in the next sections. 

(i) Vertical cultural transmission. In this case, there is an in- 

rease in the number of farmers due to the fact that some of them 

ate with HGs. It is well-known from ethnographic observations 

hat the children of such cross-matings are always farmers, not 

Gs (see, e.g., pp. 111 and 409 in Ref. [38] and p. 170 in Ref. [30] ).

he equations that describe this process have been derived using 

ertical transmission theory [37] . As mentioned above, in the rest 

f this introduction we consider the case in which there is no net 

eproduction (e.g., all indiviauals mate and each couple has on av- 

rage two surviving children). Then the population densities evolve 

ccording to (see Eqs. (14), (39) and (42) in Ref. [34] ) 

 

p ′ = p + η p q 
p+ q 

q ′ = q − η p q 
p+ q , 

(5) 

here p is the number density of the population (farmers in our 

pplication) that incorporates members of the second population 

HGs in our case), which has number density q. Number densities 

ithout primes are those before cultural transmission, whereas 

rimes denote the corresponding values after cultural transmis- 

ion (in vertical transmission or interbreeding, this is equivalent 

o before and after reproduction). The parameter η is called the 

ntensity of vertical cultural transmission. Note that η ≥ 0 because 

egative values of η would lead to a decrease in the number den- 

ity of farmers p, in disagreement with the ethnographic obser- 

ations cited above Eqs. (5) . If p � q the second equation reads 

 

′ = q (1 − η), so values η > 1 would imply q ′ < 0 . Thus range of

ossible values for η is 0 ≤ η ≤ 1 . Also if p � q , for η = 1 Eqs.

5) yield p ′ = p + q and q ′ = 0 , so HGs disappear because all of

hem mate with farmers [34] . In the opposite limit ( q � p), the 

rst equation yields p ′ = p(1 + η), so the bound η ≤ 1 implies that 

p ′ ≤ 2 p, which is reasonable because each farmer is assumed to 

ate with a single person in this model [34] , so the number of 

Gs ( ηp) incorporated per unit area is at most (for η = 1 ) equal to

he initial number of farmers ( p). 

(ii) Horizontal cultural transmission. In this case, members of 

ne population leave it and become members of the other, due 

o their interactions with individuals of the same generation but 

elonging to the other population. For example, in our applica- 

ion the increase in the number of farmers under horizontal trans- 

ission is due to the fact that some HGs convert into farmers by 

aining access to domesticated plants and/or animals and learning 

gricultural techniques from farmers of the same generation. The 

quations that describe this process have been derived previously 

27] and are as follows 

 

p ′ = p + f p q 
p + γ q 

q ′ = q − f p q 
p +γ q 

, 
(6) 
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3 We can compare the age-structured model (8) to the previous one without 

age structure (4) by considering for simplicity the homogeneous case (no disper- 

sal) with m I = 0 . Then Eqs. (8) are simply p I ( t + τ ) = F p A (t) and p A ( t + τ ) = 
here f and γ are positive parameters of horizontal transmission. 

here is no cultural transmission if f = 0 . As above, the popula-

ion densities without and with primes denote before and after 

ultural transmission, but the time interval elapsed between them 

s arbitrary for horizontal transmission because no interbreeding 

s necessary (in contrast to the case of vertical transmission dis- 

ussed above). As mentioned above, in horizontal transmission HGs 

earn agriculture from farmers and become farmers themselves, so 

p ′ ≥ p and therefore f ≥ 0 (the reverse transition, i.e., farmers be- 

oming HGs, is very rarely observed [39] ). The second parameter, 

, is a measure of the preference by HGs to select farmers rather 

han HGs (if γ < 1) or HGs rather than farmers (if γ > 1) as teach-

rs [27] . The range of possible values of parameter f is 0 ≤ f ≤ 1 

ecause if p � q , values f > 1 would imply q ′ < 0 according to the

econd equation. In the opposite limit ( q � p), the first equation 

ields p ′ = (1 + 

f 
γ ) p, so although f ≤ 1 there is no limit in princi-

le to the number of HGs ( f 
γ p) that become farmers, in contrast 

o what we have seen for vertical transmission (the reason is that 

he vertical case corresponds to interbreeding, for which there is 

 limit equal to the initial number of HGs if each farmer mates 

ith a single person [34] ; in contrast for horizontal transmission 

 farmer can in principle teach agriculture to an arbitrarily large 

umber of HGs [27] ). It is possible to generalize this model in or-

er to include frequency-dependent cultural transmission (see Eq. 

S3] in Ref. [27] ) but the equations would be substantially more 

omplicated and lead to the same conclusions, so we will not con- 

ider them in the present paper. 

Eqs. (6) are more appropriate for our purposes than, e.g., the 

otka-Volterra interaction (often used in predator-prey and com- 

etition ecological systems) for the following two reasons. First, in 

ontrast to Lotka-Volterra equations, Eqs. (6) were derived [27] us- 

ng cultural transmission theory [37] . Second, the Lotka-Volterra 

nteraction assumes that the number of teachers that an individ- 

al contacts during her/his lifetime is proportional to the popula- 

ion density, whereas ethnographic data indicate that this number 

s essentially independent of the population density [27] . 

(iii) Oblique cultural transmission. In this type, adult indi- 

iduals teach members of the next generation, i.e., younger in- 

ividuals. A very clear example is the schooling system in mod- 

rn populations, but oblique transmission is also observed in pre- 

ndustrial populations [40] . The derivation [27] of Eqs. (6) remains 

alid, but we have to distinguish adult individuals (teachers) from 

ounger ones (learners). For the applications that we want to con- 

ider in this paper (Neolithic fronts), we have to consider the case 

n which adult individuals of the Neolithic population (adult teach- 

rs with population density p A ) teach farming to young individuals 

f the hunter-gatherer population (infantile learners with popula- 

ion density q I ). Thus we can use Eqs. (6) but distinguishing adult 

rom infantile individuals, 

p A 
′ = p A + g p A q I 

p A + δ q I 

q ′ A = q A − g p A q I 
p A + δ q I 

, 
(7) 

here g and δ are positive parameters of oblique transmission. If 

p A � q I the second equation yields q ′ 
A 

= q A − g q I , so there is not 

ny bound in principle on g (in contrast to those for η and f fol- 

owing from Eqs. (5) and (6) , respectively). According to the first 

f Eqs. (7) , the number density of adults of the first population 

 p A ) increases after some children of the second population ( q I ) 

ave converted into members of the first population and grown 

nto adults ( p A ). In the last equation the number density of adults 

f the second population ( q A ) is therefore smaller by the same 

mount, relative to the case in which no children are converted 

i.e., vanishing oblique cultural transmission, g = 0 ). 

There is no theory on front propagation under the oblique mode 

f transmission, only for the vertical [34] and horizontal [27] ones. 
3 
ne reason may be that oblique transmission is inherently more 

ifficult to model using equations (see the next section). The main 

urpose of this paper is precisely to develop a theory of front 

ropagation under oblique cultural transmission. We will also com- 

are the results to those for vertical and horizontal transmission, as 

ell as to empirical data for two specific case studies. But first we 

eed to develop a realistic age-dependent model without cultural 

ransmission ( Section 2 ). 

. Age-structured model 

Since for oblique transmission young members of the popu- 

ation learn from older ones, we obviously need to distinguish 

mong both age groups (in contrast to Eqs. (5) and (6) , which 

old for vertical and horizontal transmission respectively). We will 

hus consider two sub-populations, which are enough for our pur- 

oses and very convenient in order to add oblique cultural trans- 

ission in the next section (which will complicate the mathe- 

atical framework). Therefore, we divide the population of farm- 

rs p( x, y, t ) into infantile and adult subpopulations, with number 

ensities p I ( x, y, t ) and p A ( x, y, t ) respectively. We use an approach 

imilar to those of previous age-structured models of biological in- 

asions in one dimension [ 41 , 42 ] and two dimensions [ 43 , 44 ]. We

onsider the two-dimensional case, but in our equations we will 

ake into account the special features of the application that we 

ant to describe (cultural transmission in human populations). In 

his section we consider the case without cultural transmission. 

or our purposes, the following set of equations will be adequate, 

 

 

 

p I ( x, y, t + τ ) = F p A ( x, y, t ) 

p A ( x, y, t + τ ) = ( 1 − m I ) 
∫ ∞ 

−∞ 

∫ ∞ 

−∞ 

φ( �x , �y ) 

p I ( x + �x , y + �y , t ) d �x d �y + ( 1 − m A ) p A ( x, y, t ) , 

(8) 

here F is the fecundity, defined as the number of children born 

er adult during the time interval τ that are still alive at the end 

f this interval. Thus the first of Eqs. (8) implies that p I is the pop-

lation density of individuals with ages between 0 and τ . This im- 

lies that the adult population density p A corresponds to individ- 

als with ages above τ . Infantile individuals do not reproduce, and 

his is why no fecundity appears in the second of Eqs. (8) . There

s a dispersal kernel only in the first term of the second of Eqs. 

8) (conversion of infantile individuals into adults) because we as- 

ume that most of the dispersal occurs only as infantile individuals 

ecome adults (see Eqs. (8)-(9b) in Ref. [41] for a one-dimensional 

odel with this feature). This approximation is reasonable in our 

ase because it has been observed that for most individuals of ru- 

al populations, the only relevant movement is the dispersal from 

he parental home to form a new family (first term in the last of 

qs. (8) ) and reproduce in a new location (first of Eqs. (8) ) [23] ,

nd the same behavior is observed for pre-industrial populations 

45] . These simplifications seem realistic and will make it possible 

o add oblique transmission ( Section 3 ) without complicating the 

quations substantially. In the last of Eqs. (8) m I is the infantile 

ortality, defined so that a portion m I of the individuals who are 

ged between 0 and τ years at time t will have died by time t + τ .

imilarly m A is the adult mortality, defined so that a portion m A of 

ndividuals with age above τ at time t will have died by time t + τ . 

fter this time interval τ , the adult population p A is composed by 

ndividuals with ages between τ and 2 τ (first term on the right- 

and side of the last of Eqs. (8) ) and individuals with ages above

 τ (second term). The total population density is 3 

p ( x, y, t ) = p I ( x, y, t ) + p A ( x, y, t ) . (9) 
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Concerning the parameter values, we think that a time inter- 

al of about τ = 16 yr is reasonable because reproduction begins 

t about age 16 in pre-industrial populations (p. 67 in Ref. [45] ). 

oreover, in such populations life expectancy is short and children 

ave acquired most of their skills before the age of 16 yr via cul- 

ural transmission [40] . This also suggests that, in order to include 

ultural transmission between the two subpopulations (as done in 

he next section), our range for the infantile subpopulation p I (0-16 

r) is realistic. Thus the adult population p A is composed by indi- 

iduals with ages above 16 years (see the paragraph above Eq. (9) ). 

For the dispersal kernel φ( �x , �y ) in Eqs. (8) we assume for 

implicity that individuals do not disperse with probability p e 
which is called the persistence in demography) and disperse a 

haracteristic distance r with probability ( 1 − p e ) . This simple ker- 

el has yielded Neolithic spread rates consistent with the observed 

nes [ 26 , 34 , 16 ]. Then 

( �x , �x ) = p e δ( 2 ) ( �) + ( 1 − p e ) δ( 2 ) ( � − r ) , (10) 

here δ(2) (�) = 

δ(1) (�) 
2 π� is the two-dimensional Dirac delta func- 

ion centered at � = 0 (i.e., per unit area), δ(1) (�) is the cor- 

esponding one-dimensional function (i.e., per unit length), and 

= 

√ 

�2 
x + �2 

y . The values p e = 0 . 38 and r = 50 km have been

stimated previously [26] from ethnographic data of pre-industrial 

opulations. We stress that more complicated models are possible, 

ut we are interested in the simplest possible one so that we can 

ocus our attention on cultural transmission (next section). 

Finally, the net fecundity appearing in the first of Eqs. (8) can 

e estimated as F = 2 . 69 children per adult 4 , the infantile mortal-

ty appearing in the second of Eqs. (8) as m I = 0 . 29 5 , and the adult

ortality in the same equation as m = 0 . 49 6 . 
A 

p I (t) + ( 1 − m A ) p A (t) . Adding them up yields p( t + τ ) = ( F + 1 − m A ) p A (t) + 

p I (t) , so p( t + 2 τ ) = ( F + 1 − m A ) p A ( t + τ ) + p I ( t + τ ) = F p(t) + ( 1 − m A ) p I (t) + 

 F + 1 − m A )( 1 − m A ) p A (t) . This is not an equation with the form of Eq. (4) ex- 

ept if m A = 1 . In this case p( t + 2 τ ) = F p(t) , which agrees with Eq. (4), namely 

p( t + T ) = R T [ p(t) ] ≈ R 0 p(t) (at the front leading edge, i.e., for small values of p(t) ) 

f R 0 = e aT , T = 2 τ and R 0 = F . Thus the age-structured model cannot agree with 

he model without age structure unless m A = 1 , i.e., unless we neglect adults above 

ge T = 2 τ . This would be realistic only if adults did not reproduce appreciably 

bove age T . But T in Eq. (4) is the age difference between a parent and his/her 

hildren, so all individuals would produce at age T years F children at once. Obvi- 

usly this approximation (and thus the model without age structure) is not realistic 

or humans, so we keep the last term in the second of Eqs. (8) . 
4 It is well-known that human fertility is very high in the case of pre-industrial 

arming populations expanding in areas previously empty of farmers. Very detailed 

ata exist for the case of French settlers in the St. Lawrence Valley (Canada) during 

he 17th and 18th centuries, which imply a fertility of 10.2 children per woman 

76] , i.e., 5.1 children per adult. These women reproduced on average during 20 

ears of their lives (namely, at ages 21-41 on average) [76] . Thus the number of 

hildren per adult born during 16 years is about 5.1 •16/20 = 4.08. As noted below 

qs. (8) , in our model F is this number but including only those children who are 

till alive at age 16 yr. Thus, we take into account that a mortality of about 33% for 

nfantile individuals (below 16 yr) has been estimated for the same population (p. 

24 in Ref. [75] ), which yields for the net fecundity F ≈ 4 . 08 · 0 . 66 = 2 . 69 children 

er adult (during a period of τ = 16 yr, in agreement with the first of Eqs. (7) ). 
5 We have not found detailed mortality estimations for the St. Lawrence Valley 

opulation, but some archaeological data are useful for this purpose. Ref. [61] de- 

ermined the ages of 262 Neolithic skeletons and reported (Table 4) the number of 

eaths in intervals of 10 years. Using the mean age of each interval, it is easy to 

erform two estimations of m I , namely using the number of individuals alive at age 

 (and dead 16 yr later) and those alive at age 16 (and dead 16 yr later). Both re- 

ults are similar and their average is m I = 0 . 29 , i.e., 29% of the infantile individuals 

ages 0-16 yr) who are alive at time t will have died by time t + 16 yr, i.e., when 

hey would be aged 16-32 yr (see the text below Eqs. (8) ). 
6 Also from Table 4 in Ref. [61] , it is easy to perform estimations of m A using the 

umber of individuals alive at age 26 (and dead 16 yr later) and those alive at age 

6 (and dead 16 yr later). Both results are similar and their average is m A = 0 . 49 , 

.e., that 49% of the adults (ages above 16 yr) who are alive at time t will have died 

y time t + 16 yr, i.e., when they would be aged above 32 yr (see the text below 

qs. (8) ). 
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4 
. Cultural transmission and the spread of the Neolithic in 

urope 

.1. Oblique cultural transmission 

As explained in Section 1 , by definition in oblique transmission 

oung individuals learn from older ones (excluding their parents) 

37] . For this reason, we have developed in Section 2 a model with

wo age groups (infantile and adult individuals). However, this is 

ot enough because we want to develop a model that can be ap- 

lied to Neolithic spread. In this case, some young members of one 

opulation , i.e., hunter-gatherers (HGs) or Mesolithics, learn agri- 

ultural techniques from old members of a different population, i.e., 

armers or Neolithics, and in this way some HGs become farm- 

rs. For our purpose, obviously we need to consider the population 

ensities of four sub-populations, namely those of infantile farm- 

rs p I ( x, y, t ) , adult farmers p A ( x, y, t ) , infantile HGs q I ( x, y, t ) and

dult HGs q A ( x, y, t ) . Clearly we have to deal with four coupled 

ntegro-difference equations of the kind of Eqs. (8) , which under 

he oblique mode of interaction are given by (see Eqs. (7) ) 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

p I ( x, y, t + τ ) = F p A ( x, y, t ) 

p A ( x, y, t + τ ) = ( 1 − m I ) 
∫ ∞ 

−∞ 

∫ ∞ 

−∞ 

φ( �x , �y ) p I 
(
x ′ , y ′ , t 

)
d �x d �y 

+ ( 1 − m I ) 
∫ ∞ 

−∞ 

∫ ∞ 

−∞ 

φ( �x , �y ) g 
p A ( x ′ ,y ′ ,t ) q I ( x ′ ,y ′ ,t ) 

p A ( x ′ ,y ′ ,t ) + δ q I ( x ′ ,y ′ ,t ) d �x d �y 

+ ( 1 − m A ) p A ( x, y, t ) 

q I ( x, y, t + τ ) = F q q A ( x, y, t ) 

q A ( x, y, t + τ ) = 

(
1 − m Iq 

) ∫ ∞ 

−∞ 

∫ ∞ 

−∞ 

φq ( �x , �y ) q I 
(
x ′ , y ′ , t 

)
d �x d �y 

−( 1 − m I ) 
∫ ∞ 

−∞ 

∫ ∞ 

−∞ 

φ( �x , �y ) g 
p A ( x ′ ,y ′ ,t ) q I ( x ′ ,y ′ ,t ) 

p A ( x ′ ,y ′ ,t ) + δ q I ( x ′ ,y ′ ,t ) d �x d �y 

+ 

(
1 − m Aq 

)
q A ( x, y, t ) . 

(11) 

here x ′ = x + �x and y ′ = y + �y . The second term in the sec-

nd equation corresponds to the fact that infantile HGs learn many 

kills (including food procurement and preparation) during their 

hildhood [40] and this term drives the dynamics of learning of 

gricultural techniques by infantile HGs (with ages 0 − τ and pop- 

lation density q I ( x, y, t ) ) from adult farmers (with ages > τ and 

opulation density p A ( x, y, t ) ). In this way, some HGs are con- 

erted into farmers, leading τ years later (when the children have 

rown into adults) to an increase in the number of adult farm- 

rs (second equation, left). This corresponds to the same decrease 

fourth equation, second term) in the number of adult HGs (com- 

ared to the case without conversion of HGs into farmers, i. e., 

 = 0 ). We have taken into account the effect of the infant mor-

ality m I of the converted farmers in both terms. In the last two 

f Eqs. (11) we have introduced the fertility, dispersal kernel and 

ortalities of HGs ( F q , φq ( �x , �y ) , m Iq and m Aq , respectively) al- 

hough below we shall show that they have no effect on the front 

peed. 

We consider the case in which individuals of the popula- 

ion with number density p (farmers or Neolithics in our ap- 

lications) spread over a region where they encounter a sec- 

nd, autochthonous population with number density q (HGs or 

esolithics in our case). In areas far behind the front there is only 

he first population at its saturation density p max , so that the adult 

nd infantile sub-populations of farmers are also at their saturation 

alues ( p A = p A max and p I = p I max ). In areas far ahead of the 

ront, in contrast, the first population has not arrived yet and there 

s only the second population ( q A = q A max and q I = q I max ). In 

he leading edge of the front, i.e., the region where only a few in- 

ividuals of the first population have arrived, obviously p A ≈ 0 , 

p I ≈ 0 , q A ≈ q A max and q I ≈ q I max , so the non-linear interac- 

ion (in the second terms of the second and fourth of Eqs. (11) )

ay be linearized by performing a two-variable, first-order Taylor 
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xpansion around the values p A = 0 and q I = q I max . Then 

 

p A q I 
p A + δ q I 

= C o p A + O ( 2 ) , (12) 

here O (2) stands for second and higher-order terms and 

 o = 

g 

δ
(13) 

s a purely cultural parameter that we call the intensity of oblique 

ultural transmission, for the following reason. Let us focus for a 

oment on cultural transmission by leaving aside demographic 

nd dispersal effects, i.e., considering the case without mortal- 

ty ( m I = 0 , m A = 0 and m Aq = 0 ) neither dispersal ( φ( �x , �x ) =
(2) (�) ). Then, when the first farmers arrive to a region p A ≈ 0 , 

he increase � p A in the adult farmer number density p A (and the 

ecrease � q A in the adult HG number density q A ) due to oblique 

ransmission (second and third terms in the second and fourth of 

qs. (11) ) is given by Eqs. (7) and (12) , i.e., 

� p A 
p A 

= −� q A 
p A 

≈ C o (14) 

here � p A = p ′ 
A 

− p A , � q A = q A − q ′ 
A 

, and number densities 

ithout primes are those before cultural transmission, whereas 

rimes denote the corresponding values after cultural transmission 

as in Eqs. (7) ). Eq. (14) implies that when the first members of the

opulation that expands its range (e.g., farmers) arrive, C o is the 

umber of individuals of the autochthonous population (e.g., HGs) 

onverted into members of the invading population (e.g., farmers) 

ue to oblique transmission by each pioneering individual (e.g., 

armer). In this sense, C o can be called the intensity of oblique 

ransmission. 

Using Eq. (12) , the leading-edge version of the two first equa- 

ions in the set (11) is 
 

 

 

 

 

p I ( x, y, t + τ ) = F p A ( x, y, t ) 

p A ( x, y, t + τ ) = ( 1 − m I ) 
∫ ∞ 

−∞ 

∫ ∞ 

−∞ 

φ( �x , �y ) [ p I 
(
x ′ , y ′ , t 

)
+ C o p A 

(
x ′ , y ′ , t 

)
] d �x d �y + ( 1 − m A ) p A ( x, y, t ) . 

(15) 

Note that neither q I nor q A appear in Eqs. (15) , i.e., these two 

quations are decoupled from those for q I and q A (last two Eqs. 

f the set (11), the linearized versions of which we do not include 

n Eqs. (15) because we will not need them). This decoupling is 

ot surprising because in models without age structure, the evolu- 

ion equation of the invading population ( p) is also decoupled from 

hat of the autochthonous population ( q ), which makes calculations 

ubstantially simpler [ 46 , 26 , 34 , 27 ]. The difference is that here we

ave to deal with two Eqs. (15) to find the front speed, whereas 

n models without age structure we deal with only one equation 

 46 , 26 , 34 , 27 ], namely that for the invading population (with the

opulation density of the autochthonous one approximated to its 

aturation value, analogously to our Eqs. (14) and (15) ). 

We assume that population p expands its range from a local- 

zed region, so the front curvature will gradually diminish (e.g., if 

he initial region is a circle, the ranges at later times will be cir- 

les with the same center and increasing radius). Clearly, for large 

nough times since the start of the dispersal the front will be ap- 

roximately planar at the scale of the individual dispersal events, 

o we can choose the x-axis parallel to the local front propaga- 

ion direction, as in previous work [ 46 , 26 ]. Let s = | s x | stand for the

ront speed ( s y = 0 ). As usual [ 3 , 4 ] we introduce the co-moving co-

rdinate z = x − st and look for constant-shape solutions (i.e., such 

hat they depend only on z) of the form p I ( x, y, t ) = w I exp [ −λz ]

nd p A ( x, y, t ) = w A exp [ −λz ] with λ > 0 in the leading edge of the

ront ( p A ≈ 0 and p I ≈ 0 or z → ∞ ). Then Eqs. (15) reduce to the

ollowing set, 

− e λsτ w I + F w A = 0 

( 1 − m I ) f ( λr ) w I + 

[
−e λsτ + ( 1 − m I ) C o f ( λr ) + ( 1 − m A ) 

]
w A = 0 , 

(16) 
5 
here we have applied Eq. (10) and the text below it to perform 

he following integral, 

f ( λr ) ≡
∫ ∞ 

−∞ 

∫ ∞ 

−∞ 

e −λ�x φ( �x , �y ) d �x d �y 

= 

∫ 2 π

0 

d θ

∫ ∞ 

0 

d � e −λ� cos θ p e δ( 1 ) ( �) + ( 1 − p e ) δ( 1 ) ( � − r ) 

2 π

= p e + ( 1 − p e ) I 0 ( λr ) (17) 

nd I 0 ( λr ) = 

1 
2 π

∫ ∞ 

0 dθ exp [ λ r cosθ ] is the modified Bessel func- 

ion of the first kind and order zero. Introducing � = e λsτ and us- 

ng matrix notation, the set of Eqs. (16) can be written as (
w I 

w A 

)
= M 

(
w I 

w A 

)
(18) 

here the matrix M is given by 

 = 

(
0 F 

( 1 − m I ) f ( λr ) ( 1 − m I ) C o f ( λr ) + ( 1 − m A ) 

)
(19) 

For sufficiently steep initial conditions (e.g., if the invading pop- 

lation is initially at its carrying capacity in a finite region and ab- 

ent outside it), it is possible to calculate the relaxation dynamics 

f the front towards its asymptotic shape and speed [1] . For equa- 

ions of the type (15), it is well-known that the front speed con- 

erges to [41] 

 = 

min 

λ > 0 

ln ρ1 ( λ) 

λτ
(20) 

here ρ1 (λ) is the largest of the eigenvalues of the linearized ma- 

rix M. As shown above, this matrix M is given by Eq. (19) for 

blique cultural transmission. In this case, we can find a more ex- 

licit solution because we are dealing with only two equations (or 

quivalently, with a second-order matrix). For a non-trivial solution 

o the homogeneous set of linear Eqs. (16) to exist, the determi- 

ant of its corresponding matrix must vanish. Therefore, recalling 

lso that � = e λsτ , 

−� F 

( 1 − m I ) f ( λr ) −� + ( 1 − m I ) C o f ( λr ) + ( 1 − m A ) 

∣∣∣∣ = 0 (21) 

This yields a second-order equation for �. By solving it, we 

an easily find the largest solution, which is obviously the largest 

igenvalue ρ1 (λ) of the matrix (19). Using it into Eq. (20) yields 

he following final result for the front speed 

 o = 

min 
λ > 0 

ln ( 1 −m I ) C o f ( λr ) + ( 1 −m A ) + 
√ 

[ ( 1 −m I ) C o f ( λr ) + ( 1 −m A ) ] 
2 +4 F ( 1 −m I ) f ( λr ) 

2 

λτ
, 

(22) 

here we have used the sub-index o in the left-hand side to de- 

ote oblique transmission. 

In order to illustrate the applicability of the model, we use 

he parameter values estimated above for pre-industrial farmers 

 m A = 0 . 49 , m I = 0 . 29 , = 2 . 69 , p e = 0 . 38 , r = 50 km, and τ = 16

r) into Eq. (22) to obtain the front speed as a function of the in-

ensity of oblique cultural transmission s o (full line in Fig. 1 ). This 

gure makes it possible to compare the front speed predicted by 

q. (22) to the observed range (hatched rectangle) for the speed 

f the Neolithic front in Europe. This observed range was esti- 

ated from the dates of Neolithic sites in Europe, which show that 

he Neolithic appeared first in the Near East and spread gradually 

estwards and northwards across Europe, from about 12,0 0 0 to 

bout 5,0 0 0 years ago, with a speed in the range 0.9–1.3 km/yr 

 27 , 47 ] (hatched rectangle in Fig. 1 ). The intensity C o of oblique

ransmission of agricultural techniques from pre-industrial farm- 

rs to HGs ( x -axis in Fig. 1 ) is the only parameter in Eq. (22) that

e cannot estimate independently of the front spread rate s (due 



J. Fort Chaos, Solitons and Fractals 148 (2021) 111060 

Fig. 1. Speed of the Neolithic front of farmers in Europe as a function of the inten- 

sity C of cultural transmission ( C = C o for oblique, C = C h for horizontal and C = C v 
for vertical transmission). The x- axis scale is logarithmic to increase the visibility 

of the allowed range for vertical cultural transmission ( 0 ≤ C v ≤ 1 ) as well as of 

the asymptotic behavior ( C → ∞ ) for oblique and horizontal transmission. For all 

three curves, the parameter values are p e = 0 . 38 , r = 50 km, m A = 0 . 49 , m I = 0 . 29 , 

F = 2 . 69 and τ = 16 yr, as estimated in the main text for pre-industrial farmers us- 

ing ethnographic and archaeological data. The hatched rectangle gives the observed 

front speed according to archaeological data (0.9-1.3 km/yr). 
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o lack of data that seem realistic for cultural transmission in the 

arly Neolithic). 

We see in Fig. 1 (black full line) that the front speed increases 

or increasing values of the intensity C o of oblique cultural trans- 

ission, which is reasonable because a higher value of C o implies a 

arger population of farmers (by conversion of HGs), which will in 

urn reproduce and disperse, therefore increasing the front spread. 

According to Fig. 1 , for C o → ∞ the maximum speed under 

blique transmission is r/τ , i.e., 3.13 km/yr using the values above 

f r and τ . This asymptotic limit can be understood as the max- 

mum dispersal distance ( r for the kernel (10)) of individuals of 

he population that expands its range (farmers or Neolithics in 

ur case) divided by the time interval of each interaction ( τ for 

qs. (11) ), i.e., r/τ . This is analogous to previously-studied cases in 

hich there was either only a single population or two interacting 

opulations without oblique transmission 

7 . 

The percentage of the effect of oblique transmission on the 

ront speed is 100( s o − s D ) / s D , where s D is the purely demic speed, 

.e., that without cultural transmission ( s D can be obtained by us- 

ng C o = 0 into Eq. (22) , which yields s D = 1 . 08 km/yr). According

o Fig. 1 , the maximum possible value of this oblique effect (full 

urve for C o → ∞ , i.e., s o = s ∞ 

= 2 r/τ ) is 190%. In other words, the

peed with oblique transmission can be up to about three times 

aster than without cultural transmission. 

For the observed range of the Neolithic front in Europe (hatched 

ectangle in Fig. 1 ), the maximum speed is s o = 1 . 3 km (so the

aximum cultural effect is 21%) and this imposes an upper bound 

n the intensity of oblique cultural transmission, namely C o < 0 . 5 

 Fig. 1 , intersection between the full curve and the upper side of 

he hatched rectangle). According to Eq. (14) this implies that, at 

ost, about 50% of adult farmers converted a HG into a farmer 

by providing domesticates and teaching agricultural techniques to 

im/her). We believe that this is a clear illustration of how the 

nalysis of front propagation can serve to understand some aspects 

f human behavior quantitatively. 
7 See, e.g., the values of s ∗ in Ref. [27] , Fig. 1 for the latter case. 

a

s

6 
.2. Horizontal cultural transmission 

Although the main aim of this work is to model the propaga- 

ion of demic-cultural fronts under oblique cultural transmission 

previous subsection), it will be also interesting to compare to hor- 

zontal and vertical transmission. In this way, we will improve (by 

dding age structure) previous models of front propagation under 

orizontal [27] and vertical [34] transmission. In this subsection 

e consider horizontal transmission. 

As explained in Section 1 , by definition in horizontal transmis- 

ion teachers and learners are members of the same generation. It 

s not reasonable to believe that infantile farmers (aged 0-16 years) 

lready know the agricultural techniques. Instead, it is adult farm- 

rs who can teach agriculture (as in the previous case). This im- 

lies that, in horizontal transmission, the learners are adult HGs. 

hese convert into farmers. Thus taking into account Eqs. (6) , the 

volution equations are for the horizontal case 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

p I ( x, y, t + τ ) = F p A ( x, y, t ) 

p A ( x, y, t + τ ) = ( 1 − m I ) 
∫ ∞ 

−∞ 

∫ ∞ 

−∞ 

φ( �x , �y ) p I 
(
x ′ , y ′ , t 

)
d �x d �y 

+ ( 1 − m A ) p A ( x, y, t ) + ( 1 − m A ) f 
p A ( x,y,t ) q A ( x,y,t ) 

p A ( x,y,t ) + γ q A ( x,y,t ) 

q I ( x, y, t + τ ) = F q q A ( x, y, t ) 

q A ( x, y, t + τ ) = 

(
1 − m Iq 

) ∫ ∞ 

−∞ 

∫ ∞ 

−∞ 

φq ( �x , �y ) q I 
(
x ′ , y ′ , t 

)
d �x d �y 

+ 

(
1 − m Aq 

)
q A ( x, y, t ) − ( 1 − m A ) f 

p A ( x,y,t ) q A ( x,y,t ) 
p A ( x,y,t ) + γ q A ( x,y,t ) 

. 

(23) 

The second and fourth equations were applied in Ref. [27] (Eqs. 

3]-[4]) to the complete populations (i.e., using p( x, y, t ) instead 

f p A ( x, y, t ) and q ( x, y, t ) instead of q A ( x, y, t ) , zero mortalities

nd omitting the first term on the right). However Eqs. (23) are 

ore accurate because, as we have explained (footnote 3 ), the age- 

tructured model developed in this paper ( Section 2 ) is more real- 

stic for humans than the model without age structure applied in 

ef. [27] . 

Repeating the same steps as in the previous subsection, we find 

hat Eqs. (12) - (13) are replaced by 

f 
p A q A 

p A + γ q A 
= C h p A + O ( 2 ) , (24) 

here 

 h = 

f 

γ
(25) 

s the intensity of horizontal cultural transmission. The oblique 

qs. (14) - (16) , (19) and (21) are respectively replaced by 

� p A 
p A 

= −� q A 
p A 

≈ C h , (26) 

 

 

 

p I ( x, y, t + τ ) = F p A ( x, y, t ) 

p A ( x, y, t + τ ) = ( 1 − m I ) 
∫ ∞ 

−∞ 

∫ ∞ 

−∞ 

φ( �x , �y ) p I 
(
x ′ , y ′ , t 

)
d �x d �y 

+ ( 1 − m A ) ( 1 + C h ) p A ( x, y, t ) , 

(27) 

− e λsτ w I + F w A = 0 

( 1 − m I ) [ p e + ( 1 − p e ) I 0 ( λr ) ] w I + 

[
− e λsτ + ( 1 − m A ) ( 1 + C h ) 

]
w A = 0 , 

(28) 

 = 

(
0 F 
( 1 − m I ) [ p e + ( 1 − p e ) I 0 ( λr ) ] ( 1 − m A ) ( 1 + C h ) 

)
, (29) 

−� F 
( 1 − m I ) [ p e + ( 1 − p e ) I 0 ( λr ) ] −� + ( 1 − m A ) ( 1 + C h ) 

∣∣∣ = 0 . (30) 

nd the front speed under horizontal cultural transmission is 

 h = 

min 
λ > 0 

ln 

( 1 −m A ) ( 1+ C h ) + 
√ 

( 1 −m A ) 
2 
( 1+ C h ) 2 +4 ( 1 −m I ) F [ p e + ( 1 −p e ) I 0 ( λr ) ] 

2 

λτ
, (31) 
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here s h denotes the front speed in the presence of horizontal 

ultural transmission. In Fig. 1 (red dashed line) we see that the 

peed increases very slowly under horizontal transmission (dashed 

ine) compared to the previous case of oblique transmission (full 

ine). This can be understood by considering, again, the maximum 

ossible speed. For the horizontal case ( C h → ∞ ) it is given by

 ∞ 

= r/ (2 τ ) = 1.56 km/yr. This value is not reached for the dashed

ine in Fig. 1 because the front speed increases very slowly (even 

or C h = 10 , 0 0 0 , the speed is only 1.42 km/yr). In contrast, in

he oblique case the maximum speed ( C o → ∞ ) is twice faster, 

amely r/τ (see the text 4 paragraphs below Eq. (22) ). Mathe- 

atically, this difference is due to the fact that there is only one 

ntegral of the dispersal kernel in the horizontal Eqs. (27) of the 

nvading population (farmers), whereas two kernels appear in the 

blique Eqs. (15) , one for infantile farmers ( p I ) and another one 

or adult farmers ( p A ). For this reason, the maximum horizontal 

ront speed ( r/ (2 τ ) ) is only half than the oblique one ( r/τ ) and the

aximum horizontal effect, 100( s ∞ 

− s D ) / s D = 45%, is also sub- 

tantially smaller than that found in the previous subsection for 

blique transmission (190%). Thus oblique transmission is much 

ore powerful than horizontal transmission, in the sense that it 

an yield substantially faster fronts. An intuitive explanation of this 

ifference is that in the oblique mode [Eqs. (11)] infantile HGs are 

onverted into farmers and disperse (thereby propagating the Ne- 

lithic front), whereas in the horizontal mode [Eqs. (22)] it is adult 

Gs who are converted (not infantile individuals), so they have al- 

eady dispersed (or, equivalently, some time will pass before they 

eproduce, their children grow into adults and disperse). 

As noted at the end of the previous subsection, for the observed 

ange of the Neolithic front in Europe (hatched rectangle in Fig. 1 ) 

he maximum speed is s o = 1 . 3 km (so the maximum cultural ef-

ect is 21%) and this imposes an upper bound on the intensity 

f oblique cultural transmission. For horizontal transmission this 

ound is about C h < 20 ( Fig. 1 , intersection between the dashed 

urve and the upper side of the hatched rectangle). According to 

q. (26) this implies that, if the transmission had been horizontal, 

ach adult farmer would have converted on average up to 20 infan- 

ile HGs into. Interestingly, this vale is many times higher than the 

ound for oblique transmission (previous subsection), i.e., C o < 0 . 5 

or 0.5 HGs converted per farmer on average). This shows again 

hat oblique transmission is indeed much more powerful than hor- 

zontal transmission, because 40 times less conversions per farmer 

nd generation are needed to attain the same front speed. 

.3. Vertical cultural transmission 

Let us stress that our purpose is mainly to model oblique trans- 

ission ( Section 3.1 ), but in doing so we have realized that the

ew framework makes it possible to improve previous models of 

orizontal and vertical transmission (by incorporating age struc- 

ure), so it is worth to develop all three cases. For vertical trans- 

ission, some HGs mate with farmers and it is well-known from 

thnographic observations that their children are always farmers 

see, e.g., pp. 111 and 409 in Ref. [38] and p. 170 in Ref. [30] ). Then,

aking into account Eqs. (5) , the evolution equations for the infan- 

ile ( I) and adult ( A ) subpopulations of farmers ( p) and HGs ( q ) are

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

p I ( x, y, t + τ ) = F p A ( x, y, t ) 
[
1 + η q A ( x,y,t ) 

p A ( x,y,t ) + q A ( x,y,t ) 

]
p A ( x, y, t + τ ) = ( 1 − m I ) 

∫ ∞ 

−∞ 

∫ ∞ 

−∞ 

φ( �x , �y ) p I 
(
x ′ , y ′ , t 

)
d �x d �y 

+ ( 1 − m A ) p A ( x, y, t ) 

q I ( x, y, t + τ ) = F q q A ( x, y, t ) 
[
1 − η q A ( x,y,t ) 

p A ( x,y,t ) + q A ( x,y,t ) 

]
q A ( x, y, t + τ ) = 

(
1 − m Iq 

) ∫ ∞ 

−∞ 

∫ ∞ 

−∞ 

φq ( �x , �y ) q I 
(
x ′ , y ′ , t 

)
d �x d �y 

+ 

(
1 − m Aq 

)
q A ( x, y, t ) 

(32) 

The first and third equations were derived using cultural trans- 

ission theory in Ref. [34] , Eqs. (45), but there we consid- 
7 
red the complete populations (i.e., p( x, y, t ) instead of p i ( x, y, t ) 

nd q ( x, y, t ) instead of q i ( x, y, t ) for i = I, A ). Nevertheless,

qs. (32) are more accurate because, as we have explained (foot- 

ote 3 ), the age-structured model developed ( Section 2 ) is more 

ealistic for humans than the one without age structure used in 

ef. [34] . Note that, in general, the absolute value of last term in 

he first of Eqs. (32) is not the same as that in the third equation.

he reason is that we are dealing with vertical transmission (in- 

erbreeding), so reproduction must be taken into account and the 

ecundities ( F and F q ) can be different in general (see Ref. [34] for

 detailed derivation of the first and third of Eqs. (32) ). As in the

revious two subsections, we will find below that the front speed 

s independent of the of the parameters of population q (HGs) F q , 

q ( �x , �y ) , m Iq and m Aq . 

Repeating the same steps as in the previous subsections, we 

nd that Eqs. (12) –(13) are replaced by 

p A q A 
p A + γ q A 

= C v p A + O ( 2 ) , (33) 

here 

 v = η (34) 

an be called the intensity of vertical cultural transmission, in the 

ense that if we neglect dispersal (i.e., φ( �x , �y ) = 0 except for 

x = 0 and �y = 0 ) and fecundity ( F = 1 ), so that we can focus

ur attention on the effect on cultural transmission, according to 

he first and third of Eqs. (32) , when the first individuals of the 

nvading population arrive to a region ( p A ≈ 0 ), 

p ′ I − p A 
p A 

= − q ′ I − q A 
p A 

≈ C v , (35) 

o C v gives the increase in the number density of invading individ- 

als p (or the decrease in that of the autochthonous ones q ) during 

ne generation, per each pioneering adult of the invading popula- 

ion p. The oblique Eqs. (15) - (16) , (19) and (21) are respectively

eplaced by 

 

 

 

p I ( x, y, t + τ ) = F ( 1 + C v ) p A ( x, y, t ) 

p A ( x, y, t + τ ) = ( 1 − m I ) 
∫ ∞ 

−∞ 

∫ ∞ 

−∞ 

φ( �x , �y ) p I 
(
x ′ , y ′ , t 

)
d �x d �y 

+ ( 1 − m A ) p A ( x, y, t ) , 

(36) 

− e λsτ w I + F ( 1 + C v ) w A = 0 

( 1 − m I ) [ p e + ( 1 − p e ) I 0 ( λr ) ] w I + 

[
− e λsτ + ( 1 − m A ) 

]
w A = 0 , 

(37) 

 = 

(
0 F ( 1 + C v ) 

( 1 − m I ) [ p e + ( 1 − p e ) I 0 ( λr ) ] ( 1 − m A ) 

)
, (38) 

−� F ( 1 + C v ) 

( 1 − m I ) [ p e + ( 1 − p e ) I 0 ( λr ) ] −� + ( 1 − m A ) 

∣∣∣∣ = 0 . (39) 

nd the front speed under horizontal cultural transmission is 

 v = 

min 

λ > 0 

ln 

( 1 −m A ) + 
√ 

( 1 −m A ) 
2 +4 ( 1 −m I ) F ( 1+ C v ) [ p e + ( 1 −p e ) I 0 ( λr ) ] 

2 

λτ
, (40) 

here s v denotes the fronts speed under vertical cultural trans- 

ission. In Fig. 1 we plot this front speed as a blue, dashed-dotted 

ine. Recall that for vertical transmission the allowed range of the 

ultural transmission intensity is 0 ≤ C v ≤ 1 (see the text below 

qs. (5) ). The upper bound C v = 1 implies, for the specific appli- 

ation of the spread of the Neolithic in Europe ( Fig. 1 ), that verti-

al transmission can only have an effect of about 24% on the front 

peed, much less than for horizontal (45%) and oblique (190%) 

ransmission (previous subsections). 
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Fig. 2. Speed of the Neolithic front of Khoi-khoi herders in southwestern Africa as 

a function of the intensity C of cultural transmission ( C o for oblique, C h for hor- 

izontal and C v for vertical transmission). For all three curves, the parameter val- 

ues are those representative of pre-industrial herders, namely p e = 0 . 67 , r = 42 km, 

m A = 0 . 49 , m I = 0 . 29 , F = 2 . 69 and τ = 16 yr (see the main text). The hatched 

rectangle gives the observed front speed according to archaeological data (1.4-3.3 

km/yr). 
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Recall that the maximum observed speed of the Neolithic front 

n Europe is about s o = 1 . 3 km (upper side of the hatched rectan-

le in Fig. 1 ). How does this maximum speed constrain the inten- 

ity of vertical cultural transmission? In Fig. 1 , the intersection be- 

ween the dashed-dotted curve and the upper side of the hatched 

ectangle implies that C v < 0 . 8 . According to Eq. (35) , this implies

hat the increase in the number density of farmers due to inter- 

reeding was up to 0.8 farmers per generation and adult farmer 

n average. This is much lower than that for horizontal transmis- 

ion ( C h < 20 ). Thus we can conclude that vertical transmission can 

e much more powerful than horizontal transmission, but only in 

he sense that it requires much less conversions per generation to 

ttain the same front speed (however, vertical transmission is not 

o powerful as oblique transmission, because C o < 0 . 5 ). But vertical 

ransmission is less powerful than horizontal tranmission as far as 

he maximum possible speed is concerned, as we explain in detail 

n the next paragraph. 

We stress that vertical transmission is intrinsically limited by 

he upper bound C v = 1 (see the text below Eqs. (5) ) whereas C o 
nd C h do not have any upper bound in principle (because there 

s not any limit a priori on the number of HGs to which a farmer

an teach agriculture), and this implies that vertical transmission is 

nable to attain so fast rates as oblique and even horizontal trans- 

ission. For example, in Fig. 1 oblique transmission can lead to 

ront speeds up to 3.13 km/yr (for C v → ∞ ), horizontal transmis- 

ion up to 1.56 km/yr (for C h → ∞ ), and vertical transmission only 

p to 1.33 km/yr (for C v = 1 ). 

Our main conclusion is that the effect of oblique transmission 

n front propagation, which has been analyzed in this paper for 

he first time, is much more powerful than those of both horizontal 

nd vertical transmission. 

. An additional case study 

As an additional illustration we finally consider another Ne- 

lithic front, namely the spread of Khoi-khoi herders that took 

lace since about 2,300 years until 1,100 years ago in southwest- 

rn Africa, at a speed between 1.4 and 3.3 km/yr according to ar- 

haeological data [48] . Ethnographic data on the mobility of pre- 

ndustrial herders imply that p e = 0 . 67 and r = 42 km 

8 . For the

ther parameters we use the same values as for pre-industrial 

armers (as also done in Ref. [48] ) because the reproductive dy- 

amics of herders does not seem substantially different from that 

f herders according to the data available 9 . In Fig. 2 we plot the

ront speed predicted under oblique, horizontal and vertical trans- 

ission using the age-structured Eqs. (22) , (31) and (40) , respec- 

ively (in contrast, in Ref. [48] we considered only a horizontal 

odel without age structure, which is less realistic as explained 

n footnote 3 above). 

A relevant and unexpected result is that, in contrast to the Ne- 

lithic in Europe ( Fig. 1 ), neither vertical nor horizontal transmis- 

ion can explain the observed front speed of Khoi-khoi herders 
8 In Ref. [26] , note [32] , the observed persistence p e = 0 . 38 and mean-square dis- 

lacement 〈 �2 〉 = 1544 km 

2 of pre-industrial farmers (both of them obtained from 

thnographic data) were used to estimate the value of r by applying that 〈 �2 〉 = 

 1 − p e ) r 2 , which yields r ≈ 50 km. We have applied these values in Sections. 2 - 3 

or pre-industrial farmers. We use the same equation with the corresponding values 

rom pre-industrial herders, i.e., p e = 0 . 67 and 〈 �2 〉 = 569 km 

2 [48] , which yields 

 ≈ 42 km. 
9 See the fecundities in Table 1 in Ref. [77] and the mortalities in Table 1 in Ref. 

78] . These data distinguish between modes of subsistence but they do not refer 

o pioneering populations that expand their ranges (in contrast to the reproductive 

ata used in Sections. 2 - 3 ). It would be therefore difficult to justify any extrapo- 

ations of the reproductive data in Refs. [ 77 , 78 ] to range expansions (because in 

he latter, the net population growth of the invading population is very fast at the 

eading edge of the front). 

o

d

t

[

p

b

p

a

[

d

b

(

a  

8 
ccording to the new models, because both the vertical and hor- 

zontal cases predict too slow speeds ( Fig. 2 ). Interestingly, there is 

nly one cultural transmission mode that can explain such a fast 

ront, namely oblique transmission (which, as seen above, is the 

ost powerful one). This new result shows that the age-structured 

odels introduced in this paper, besides making it possible to 

eal with oblique transmission, can lead to substantially improved 

redictions compared to previous models with horizontal [ 27 , 48 ] 

r vertical [34] transmission but without age structure (which, as 

een in footnote 3 , are less realistic). 

The spread rate (front speed) of Khoi-khoi herders can be ex- 

lained by assuming oblique transmission, but this implies not an 

pper bound (as in Fig. 1 ) but a lower bound for the intensity 

f oblique transmission C o . The reason why there is not an up- 

er bound is that in Fig. 2 the oblique model agrees with the ob- 

erved range (hatched rectangle) for C → ∞ (in contrast to Fig. 1 ).

he reason why there is a lower bound is that in Fig. 2 the speed

ithout cultural transmission ( C = 0 ) is too slow to agree with the

bserved range (also in contrast to Fig. 1 ). The intersection of the 

ower side of the hatched rectangle with full line in Fig. 2 implies 

he lower bound C o > 2 for oblique transmission. The implication 

n terms of human behavior is that in the Khoi-khoi expansion, 

ach pioneering herder converted at least two HGs into herders 

y teaching herding to them (see Eq. (14) ). Such a rate of cultural 

ransmission may be reasonable in view of qualitative reports ac- 

ording to which herding is relatively simple to learn (compared 

ith farming) [ 49–51 ]. 

A different possible explanation of the fastness of some Ne- 

lithic spread rates (alternative to cultural transmission) is biased 

ispersal, i.e., the assumption that farmers/herders are more likely 

o disperse into regions less populated by other farmers/herders 

52] . Some years ago, it was proposed that genetics can make it 

ossible to determine which explanation corresponds to reality, 

y identifying ancient parent-children pairs [53] . Later some such 

airs buried in the same site were detected [54] and, very recently, 

 few pairs buried at different places have been also identified 

 55 , 56 ]. Unfortunately, their number is not yet sufficiently high to 

istinguish between both possible explanations. 

According to Fig. 1 , the Neolithic spread in Europe could have 

een mainly demic, i.e., with low levels of cultural transmission 

because small values of C are consistent with the observed speed), 

nd this agrees with the conclusions of ancient genetics [ 36 , 57 ].
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10 Note that even without cultural transmission ( C = 0 ) we cannot use previous 

results (including those based on the complete kernel) because they did not use 

an age-structured model (as necessary for oblique transmission, and more real- 

istic for horizontal and vertical transmission). In other words, previous models 

[ 27 , 34 , 48 , 51 , 79 ] used only a net reproduction rate R 0 rather than the fecundity F 

and mortalities m I and m A applied in the present paper. For this reason, even for 

C = 0 the previous models without age structure will yield different results than 

the new models with age structure. 
n sharp contrast, according to Fig. 2 oblique cultural transmission 

ad possibly an important effect on the Khoi-khoi expansion (be- 

ause low values of C are inconsistent with the observed speed). 

uch a possible importance of cultural transmission in the spread 

f the Khoi-khoi front agrees with the views of some experts on 

frican archaeology [ 58–60 ] and researchers on human range ex- 

ansions [39] . 

. Conclusions 

We have developed a model of interacting populations with age 

tructure and applied it to derive the speed of fronts under oblique 

ultural transmission. Previous models of front propagation con- 

idered only vertical and horizontal (but not oblique) transmission, 

nd they ignored age structure. We have also built models with 

orizontal and vertical transmission and age structure. In this way, 

e have presented what we believe are the first comparisons of 

ront speeds under oblique, horizontal and vertical cultural trans- 

ission ( Figs. 1-2 ). 

Our main result is that the most powerful mechanism is oblique 

ransmission. For a given value of the cultural transmission inten- 

ity, it yields the fastest fronts because in oblique transmission cul- 

ure is transmitted to children before their dispersal, and these 

ew members of the invading population increase its front speed. 

nother new result is that for a given value of the cultural trans- 

ission intensity, vertical transmission yields faster fronts than 

orizontal transmission ( Figs. 1-2 ). However, the intensity of ver- 

ical transmission is limited ( C v ≤ 1 , see Section 1 ) and this makes

t possible for horizontal transmission (if sufficiently intense, C h → 

 ) to yield speeds faster than the maximum possible one (i.e., for 

 v = 1 ) under vertical transmission ( Figs. 1-2 ). 

According to the data available, cultural transmission is not nec- 

ssary to explain the observed speed of the Neolithic front in Eu- 

ope ( Fig. 1 for C = 0 ). In contrast, cultural transmission can ex-

lain the speed of the Khoi-khoi expansion, which is clearly faster 

ccording to the archaeological dates available. However, neither 

ertical nor horizontal transmission are enough to explain such 

 fast rate. Oblique transmission is apparently necessary, unless 

ther effects (such as biased dispersal [52] ) are assumed. 

Will it be possible to determine if cultural transmission in Ne- 

lithic front propagation existed and, if so, whether it was oblique, 

orizontal and vertical? The existence of cultural transmission has 

een already shown by geneticists for the spread of the Neolithic 

n Europe, because some genetic markers persisted (although many 

id not) [36] . In principle, it could be possible to determine if the 

ransmission was vertical or not by comparing the genetic markers 

f individuals buried in the same site. For example, if both the mi- 

ochondrial and Y-chromosome haplogroups of an individual were 

ifferent from the rest, this would be strong evidence that cultural 

ransmission was not vertical, i.e., not due to interbreeding (be- 

ause the mitochondrial and Y-chromosome haplogroups are inher- 

ted from the mother and father, respectively). It will be more dif- 

cult to distinguish between oblique and horizontal transmission, 

ut this could also be possible if the ages of individuals as well as 

heir haplogroups were determined (this seems possible in princi- 

le because, as we have mentioned above, the ages of prehistoric 

ndividuals have been determined in some studies [61] ). In prin- 

iple this could make it possible to determine if HGs (with their 

haracteristic genetic markers) joined the sites of farmers as infan- 

ile individuals (oblique transmission) or adults (horizontal trans- 

ission). 

In this paper we have used a simple dispersal kernel, Eq. (10) , 

n which individuals either stay near their birthplace ( � = 0 ) or 

ove a given distance ( � = r). The reason is that this makes equa- 

ions easier to handle, and this facilitates to focus our attention 

n the main point of this paper (cultural transmission with age 
9 
tructure, as necessary to deal with oblique transmission). In fu- 

ure research it will be of interest to analyze how the main con- 

lusions would change if we did not use such a simple kernel. Pre- 

ious work has shown that continuous kernels (Gaussian, Lapla- 

ian, etc.) are not appropriate for human expansions because (sim- 

larly to differential equations based on ordinary diffusion) they 

ield substantial errors if compared to the most precise approach 

ossible, namely dispersal distances and probabilities recorded di- 

ectly from ethnographic observations [24] . Thus future research 

hould use, instead of the kernel (10), the complete set of disper- 

al distances and probabilities (i.e., histograms directly recorded by 

thnographic fieldwork) 10 . 

Besides the examples of Neolithic spread considered in this pa- 

er, there are other case studies to which our new models can 

e applied, including the spread of the Neolithic in Scandinavia 

a rather slow front) [62] , the Western Mediterranean (a very fast 

ront) [63] , domesticated rice in eastern Asia [64] , maize agricul- 

ure in America [65] , Bantu expansions of African farmers [51] , etc. 

nother very interesting avenue of future applications is the expla- 

ation of genetic clines (i.e., gradients) caused by cultural trans- 

ission effects on the propagation of population fronts [19] . The 

nly existing model of genetic clines based cultural transmission 

heory has no age structure and assumes interbreeding, i.e., verti- 

al cultural transmission [57] . Clearly it would be of interest to pre- 

ict the shape of genetic clines using our age-dependent models of 

blique, horizontal and vertical transmission. Therefore, the models 

n this paper have both archaeological and genetic applications in 

ll of the Neolithic spread case studies listed above. They are also 

f interest in the study of many non-Neolithic fronts. Two exam- 

les are the spread of modern humans [ 66 , 67 , 68 ] in Europe (where

hey interbred with Neanderthals) and Asia (where they interbred 

oth with Neanderthals and Denisovans) [ 69 , 70 ]. More recent ma- 

or human expansions include that of the Yamnaya herders from 

he Caspian steppes about 4,500 yr ago, which caused a major ge- 

etic turnover and is considered to have spread Indo-European lan- 

uages [71] . The quantifications of the roles of cultural transmis- 

ion in its different forms (vertical, horizontal and oblique) in the 

ront spread rates and genetic clines of these and other human ex- 

ansions are interesting open problems. Non-human applications 

re also possible because cultural transmission has been widely 

tudied in other animals such as birds [72] , rodents [73] , primates 

74] , etc. 
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